with no term c(x)u. The coefficients aik and £>< are suppose to be continuous in an open connected set £ of x-space, x = (xi, • • • , x"). Let x° denote a point on the boundary of £ which has the property that £ contains the interior of a hypersphere |x -x*| <r0 with x° on its boundary. Suppose that the coefficients are continuous at x=x° also. Let, finally, £ be elliptic in £+x° such that the quadratic form E aik(x)\i\k is positive definite in each point of £+x°.
This note contains a simple proof of the following:
Theorem. Suppose that u = u(x) is of class C" in R and that w^O, Liu) ^0 in R. If the limit value of u at x=x° is zero, then either the normal derivative du/dn at x=x°, understood as the limit inferior of Au/An, is >0 or w = 0 in R.
Special cases of the theorem have been known for a long time. It contains, in particular, the fact that Green's function of L has a positive normal derivative along the boundary if the boundary is sufficiently smooth.
To prove the theorem we note first that w^O in £ and w(x°) =0 trivially implies du/dn^0.
The hypotheses that wj&O in £ and L(u) 0 in £ imply that either u>0 in £ or w = 0 in £. This follows from EBERHARD HOPF [October the sharp maximum-minimum-theorem.1
It suffices to prove that du/dn > 0 at x° if u > 0 in £. Consider the sphere mentioned in the hypothesis. It may be assumed that its boundary has no other point in common with the boundary of £ than x°. Otherwise a second sphere which is internally tangent to the first one at x = x° would satisfy this condition. We choose its center as origin of the coordinatesystem and we set r=|x|.
Consider the closed spherical shell S: ro/2^r^r0 where r0 denotes the radius of the sphere.2 Obviously u is continuous in S, and u ^ 0 on r = r0, (1) m = 0 at the point x° of r = r0, u > 0 on r = ro/2.
In my proof of the extremum-theorem I considered the auxiliary function h(x) = e~art -e-"rl.
It has the property that h>0, r <r0, and that By hypothesis, L(u)^0 in S, and by (2),
L(v) < 0, ro/2 < r < r0.
(4), (5), and (6) imply that t/jäO holds in the whole of S. This follows again from the sharp extremum theorem or, this time more simply, from the more elementary fact that v cannot have a negative minimum in the interior of S. But t> = 0 in 5 and v = 0 at x=x° (see (3) and the second property (1)) imply that dv du dh -=-€-^ 0.
dn dn dn dh/dn is evidently >0. Hence du/dn>0, q.e.d.
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